2328 Lecture Notes
Abelian Higgs Model

Hitoshi Murayama

1 The Model

The abelian Higgs model is a model with U(1) gauge group that is sponta-
neously broken. The Lagrangian is

L= L P + (D) (D40) ~ V. (1)
where
V= 26+ 5(6°6) (1.2
The covariant derivative is
D, = 0, —ieA,. (1.3)
It is invariant under the gauge transformation
o= ¢ =€, A, — A, =A,+0.0. (1.4)
Let us verify
D¢ = (0,—ieAl)¢ = (9, —ieA,—iecd f)e"d = (0, —ieA,)p = ¢’ D,¢.

(1.5)
The minimum of the potential spontaneously breaks the U(1) symmetry,

(¢) = \/% = % . (1.6)

We expand the scalar field around its expectation value

vt h+ix

N

(1.7)

The covariant derivative then is

hiiv 1
Dué = (a#—ieAﬂ)% = S Ou+idx—ic(v+h) At exA,). (19



The kinetic term is therefore
(Dug)*(D"9)
1
= 5 |Ouhtidux —ie(v+ h) A, + exA,|?

[(OR) + (0x)* + 2exAL0"h — 2e0,x (v + h) A" + €*((v + h)* + x*) A%
(1.9)
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From the last term, we identify m% = e*v?. Note the mixing term —evd, x A* =
—m 40, x A" which needs to be removed to diagonalize the unperturbed Hamil-
tonian.

The potential term on the other hand is

Vo= ser S

8
A
= 3 [(v + h)}(—v? 4+ 2vh + h?) + 2((v + h)? — v?)x* + Xﬂ
A
= = [=v'+ (2uh + A*)? +2(2vh + K*)X + Y] (1.10)

We idenfity the masses mj = Av?*, m? = 0. The latter is expected for a
Nambu—Godstone boson.

2 Gauge Fixing

To eliminate the mixing term between the gauge boson and the Nambu—
Goldstone boson, we adopt the gauge-fixing term as

1
26
The cross term —0,A*m ) cancels the mixing term from the kinetic term
of the scalar field —m 0, x A" upon integration by parts. This form of the

gauge-fixing term is called R¢-gauge, where R is meant to stand for “renor-
malizable.”

[,gf = (8MA“ +§m,4x)2 (2.1)



In addition, we need the Faddev—Popov determinant. The infinitesimal
gauge variation of the gauge-fixing term is

S(0, A" + Emyx) = 0,0"0 + Emye(v + h)6. (2.2)

Therefore, we need

Lpp=—C {D +&m4 (1 + %)] c. (2.3)

We identify m? = m2 = ¢&m?. To be consistent with the BRST symmetry
discussed later, and keep the Lagrangian hermitian, we need to assign the
hermiticity ¢! = ¢ (hermitian) and &' = —¢ (anti-hermitian)[]

By assembling the quadratic pieces of the Lagrangian, we find the unper-
turbed Lagrangian

1 1 1
Ly = —7FuF" + 5((%)2 + 5(8;02 + 9,c0tc

1 1 1

—l—imQAAHA’“‘ — ém%hQ — &émAec — mad,x A" — i(ﬁuA“ + Emax)?
1 1 1 1

- e — AM 2 - 2 - 2 —~u

1 Fw 25(8” )+ 2(8h) + 2(8><) + 0 cotc
1 1 1

+§m?4A“A“ — émihZ — &mPec — Efmixz. (2.4)

It is easy to obtain the propagators for the FP ghost and the Nambu—
Goldstone boson, '
i
p—Emy
The pole is at E&m?, which is supposed to be the mass-squared for these fields.
Since physical observables should not depend on the gauge-fixing parameter
¢, the Faddeev—Popov ghosts and Nambu—Goldston boson are unphysical.
To work out the propagator for the massive photon, we go to the momen-
tum space for the kinetic term

(2.5)

1 1 1
Lo = —7(qA — a,Au)(¢" A" - g"A") — 2—5((1#14”)(%14”) + QmZAuA“

*The best reference on confusing aspects of the BRST symmetry is the review article
by Taichiro Kugo and Izumi Ojima, [Progress of Theoretical Physics Vol. 60 No. 6 (1978)
pp. 1869-1889



http://ptp.ipap.jp/link?PTP/60/1869/
http://ptp.ipap.jp/link?PTP/60/1869/

1., 1
= §A (_g,uuq2 + 4.9y — ngQV + g,uym?4> A¥
L Qv 1 g.q,
= A {(—gﬂy + ”2 ) (¢* —m?) — = “2 (¢* — &m?%) | A*. (2.6)
2 q § q
By noting that two matrices
ey qudv
_g v + > , _— 27
(o0 + 2 - .1

are both projection operators on orthogonal subspaces, we can invert the
quadratic term of the Lagrangian and find the propagator

i qu49v —Zf qudv

q* —m3 +ie ¢* — &{m} +ie ¢

Note that the poles at ¢*> = m? and ém?% come with the Feynman’s prescrip-
tion (ie) but the projection operator does not have ie at ¢* = 0.

This form of the propagator means that for polarization states that satisfy
qu€" = 0, the pole is at ¢* = m?, while there is another pole at ¢* = &m?
for the “scalar polarization” e = ¢*/m Am Again, since physical observables
should not depend on the gauge-fixing parameter £, the scalar polarization
state is unphysical. Therefore, we find a quartet of unphysical states, ghost
¢, anti-ghost ¢, Nambu—Goldstone boson y, and scalar polarization of the
vector boson. In any physical observables, contributions of this quartet must
cancel among each other.

The so-called unitarity gauge is defined by the limit & — oo where the
propagator becomes the quadratic term of the Lagrangian and find the prop-
agator

i qulv =1 quqy
ﬁ<_guv+ 22)+ 2 >

q* —my —my q°
i Gy | O =M Guly
= 53|\ 9wt 5t 2 2
q my q my q
i Qv
= ——— -9+ —) (2.9)
¢ —m% ( omh
"The fact that the scalar polarization has the normalization —e2 = —¢ needs to be

shown by carefully going through the canonical quantization in the Appendix. In the
propagator, however, it is apparent due to the residue —¢. Namely the state has negative
norm —¢.



This is nothing but the propagator for a massive vector boson (Proca field).
However, this form has a very bad high-energy behavior compared to the
form in the general R, gauge for a finite .

The so-called 't Hooft—Feynman gauge chooses £ = 1 where the propaga-
tor is particularly simple,

- (2.10)

[ quqv ) { quqv Zg nv
+ = —
q Ny

P —m} <_gw/+ e 2 3

¢ —my q
On the other hand, the so-called Landau gauge chooses £ = 0 and the prop-
agator is also quite simple,

¢ Qv
m (—g,w+ 7 ) . (2.11)

In the literature, we often use the unitarity gauge if the calculations do
not involve loops (tree-level) or the 't Hooft-Feynman gauge because the
momentum-dependence is simple if they do involve loops.

3 BRST symmetry

The gauge-fixing term can be rewritten using an auxiliary field
ﬁgf = B(@HA” + fTTLAX) + ng (31)

Because this is quadratic in B, the path integral over B simply substitutes
the stationary condition

B = 0, A" + Emax (3.2)

and recovers the original form. Together with the Faddeev—Popov determi-
nant, we find

Lysirp = B(E?#A“ +E&may) + ng —cC |:D + £m?4 (1 + %):| C. (3.3)

We can now define the BRST symmetry. With an (infinitesimal) fermionic
parameter 7, it is given by the gauge transformation where the parameter is
taken to be 6 = nc,

0y = ienco, 0p A, = n0jc. (3.4)



Note that 7 is a global parameter and does not depend on spacetime positions.
In addition, we need to regard it anti-hermitian n' = —» to be consistent
with the hermiticity of all the other fields.

The BRST transformation of the ghost and auxiliary fields areE]

dyc =0, 9,¢ =nB, 6,B = 0. (3.5)

It is easy to check that successive BRST transformations 4,0, = 0 return
Zero.
Recalling Eq. (2.2), the BRST transformation of the gauge fixing condi-
tion is
Oy (0, A" 4+ Emax) = (0,0" + Emae(v + h))nc. (3.6)
Then the Lagrangian can be rewritten in a BRST-exact formﬁ

1
‘Cgf—l-FP = E n 5(8;”4” + émAX) + gEB . (37)

Because of the nilpotency of the BRST transformation 4% = 0, we can see
that this piece of the Lagrangian is BRST-exact, and hence BRST-invariant
(closed).

4 Absence of Unphysical Degrees of Freedom

The quartet of (1) scalar polarization of the gauge boson, (2) the Nambu—
Goldstone boson, (3) ghost and (4) anti-ghost all have mass-squared £m?
and hence are unphysical. They must, therefore, never show up in physical
observables.

As an example of the cancellation among the quartet, let us compute their
contribution to the decay width of the Higgs boson. We assume 4ém? < m3
to make it kinematically allowed. We identify the terms in the Lagrangian
that contribute to this process,

1 2
" m%hA, A" — %h}f —ma(hd,x — x0,h)A* — émAec| . (4.1)

tNote we are dealing with an abelian gauge theory and hence {c,c} = if**¢cc*T¢ = 0.

$Here we borrow the terminology in cohomology. For instance in the de Rham coho-
mology of differential forms, the exterior derivative satisfies d> = 0. If a form w,, satisfies
dwy, = 0, it is said to be closed. If it can be written as w, = dx,—_1, it is said to be ezact.
An exact form is always closed because of the nilpotency d? = 0.
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We denote the four-momentum of the Higgs boson as p* (p* = m3).
For actual computations, it is cumbersome to deal with the double frac-
tions in the unphysical (scalar polarization) portion of the gauge boson prop-

agator
—Zf QMQV

4.2
@ —Em? +ic ¢ (42)

Note that the Feynman’s prescription of +ie appears only for ¢* = £ém?% but
not for the factor 1/¢?, since it is only a part of the projection operator and
hence should not contribute to the imaginary part. Therefore, it is easier to
use the trick

[ quqy —1§ quqv
(o 22) + “

g% — m? +ie ¢ —Em3 +ie ¢

_ _iguu mey ? + _Zf
@ —m% +ie P \@-—m?+ic ¢@—Emd+ic

_ —iGu o < i N —i€ )
@ —mi+ie U\ @@ —md +ie) (g — Emd +ie)
_iguy
@ —m% +ie
i | 17 —it 1 |
e (m_i [QQ —m} +ic ?] T, L]Q —&m3 +ie ?D

/T 1 ( ! ! ) . (4.3)

P —mi+ic miy \@-—mi+ic ¢ —E&mi+ie

With this rewriting, we do not have to worry about 1/¢? factors that would
complicate the Feynman integrals.m

4.1 Nambu—Goldstone Bosons

The two-point function for the Higgs boson due to the loop of the Nambu-—
Godstone boson il

, 1/ —im2\> [ dPq i i
IS (p?) = 5( i h> /(%)D i e e ST

YThanks to Cory Schillaci who reminded me of this trick!
IThe sign convention here is that the full propagator is i/(p? — m3 + %) and hence
ImE = mhl“h.




The factor of a half is due to the fact that x is identical to its anti-matter.
Using the Feynman parameters, we rewrite it as (in D = 4 — 2¢ dimension)

12y (pQ)

1 /m2\? / dPq /1 ; 1
= - |— — z
2\ v 2m)P Jo " la® +22q - p + 2p* — EmAJ?
1 /m2\? [ dPq [ 1
T |
2\ v (2m)P [ + 2(1 — 2)p* — Em3 ]
1 (m} 2 i D(e) 9 9 .-
= —|— d 1-— - ¢
() [ it e -
1 /m?2 e i T(e) 5 5 .
= —-|— d 1—el 1-— -
2<v ) /0 Z(47r)2—€F(2)( elog|—z(1 — 2)p” + &m4 ze])
(4.5)
The imaginary part of the two-point function is therefore
~ 2 1 (mjp e 1 2 2
ImEy . (mj,) = S\ dz (In)? m0(z(1 — 2)m; — Em5) (4.6)
The positivity condition in the Step function can be solved easily as
1-p 1+0 457",4
— — =4/1— 4.7
5 <E< 5 [ = (4.7)
Hence,
4
1
S (m2) = b 2 _ Tk (43)

02 32r 02 814
This result is consistent with the calculation of the decay width h — xy;,

1 g1

Fh—=xx) = 2mh§§/4ﬂ
B mi
32mmy, v?

1
= — by 4.9
mn Sm xx(mh) (4.9)

212
my

Note the factor of 1/2! in the phase space integral because of two identical
bosons in the final state.

**The Peskin—Schroeder uses D = 4 — ¢, which ends up with cumbersome expressions
with many €/2. My choice is more common in the literature.
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4.2 Faddeev—Popov ghosts

The two-point function for the Higgs boson due to the loop of the Faddeev—
Popov ghosts is

, (—igm3\® [ dPq i i
iee(p?) __( 3 ) /(%)D e e (0

Note the overall minus sign due to the Fermi statistics for the ghost fields.
Following the same algebra, we find

(b B B (1 —52)2 _ mh B (=5

v2 160 02 167 4 02 81

SIMmYee(mi) =

v2 87 32
(4.11)

This is consistent with the calculation of the decay width h — c¢, except
that we need to assign a negative norm to the state |c¢). This is so because
the ghost and anti-ghost actually have an off-diagonal metric (c|¢) # 0 if you
go carefully through the canonical quantization. Adopting this rule, we find

Pl — e 1 B [dQ|emy ]
—cc) = ——— | —
2mp 8m ) 4w | v
B B &m
N 16mm;, 2
1
= —QmI(m?). 4.12
Sm(m) (4.12)

4.3 Mixed diagram with a Nambu—Goldston boson and
a scalar polarization

The mixed x-A, loop is
iExA(pg)

ma 2 d4f2eq 7
= (2 2 —2p —q),,

( ” ) /(%)4_26( p+Q)u(p+q)2_§m?4( P —q) et
1 [ d% (¢ +2p-q) 1

v ) 2m)P (p+q)? — Em% ¢* — Em

_ 1 [ dPq /ldz (¢ +2p-q)?
) 2m)P Sy T +2(1—2)p-g+ (1 - 2)p? — EmA)?
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_ 1 [ d"’ /1 ((g—(1=2)p)?+2p-(¢— (1 —2)p))?
v ) (2m)P [¢? + 2(1 — 2)p* — Em3]?
1 [dPq [ (P +22p g — (1 22)pP)
o / (2m)P /0 ! [¢? + 2(1 = 2)p? — Em3 ]2
L [ d% [ (¢°)? =201 = 22)%p’ +42%(p - 0)° + (1 = 2°)*(p*)°
/ /0 dz

0?2 ) (2m)P [¢% + 2(1 = 2)p* — Em]?
(4.13)
We use the formula proven in the appendix,
/ d"q (¢*)" _ i(=1)"F(Z +RI(=F —k+n) [m2]|P/2+h=n
2m)P [¢? — m? —ig|™  (4m)P/? I(2)(n '
(4.14)

We can perform d”q integral and find

iZya(p?)
- 5/ o /1 PP 201 = 2)Pp + 42 (p - 0)* + (1 2P0
w2 2m)P J, [+ 2(1 — 2)p® — EmY2
IR 1 . [(4—eTl(-2+¢€)
v? (4m)2-e /0 ! [ (2 — el (2)

L 1= 22?21 217+ m) |

I N R LN | LU\ o s TP
- v2(47r)2e/0 ! { D2 or@) LAl

F(?(_Qezre();é—; : (—2(1 —2%)+ 44_Zze> P2l =2)p* + i

P 1= 2P0 (ol - 2P + e — el (419

['(2)

The imaginary comes from the branch cut in the last factor,

[—2(1 = 2)p* + Emi )"

+

SmEXA(mi)
11 b[TE = al(=2+¢) 2 212
= e /0 a [ T@—eor@ | A &)+ emi)
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e (20 g s
['(e)
I

1 1 ! 1
= a2 e 2 oy

(- z2>2<mi>2} (ex)0(=(1 — 2ym? — Em?)

+2_?1 (—2(1 —22)+ 22) mi[—z(1 — 2)m; + Em3]
1

+=(1- z2>2<mi>2} (em)O(=(1 = =)}, — Em?)

_ _li 1d 61[— (1-2) 2 4 ¢ 2]2
= o ), % |Oglma(t— 2)mi 4 &y
=2 (=2(1 = 2%) + 2*) mj[—2(1 — 2)m} + E&m7]

+(1 = 2)%(mp)?] 0(2(1 — 2)mj;, — Em3)

- B[ (-5 (-52)
] Sy e SIR

omy, 1 98+68°+ 8% my B (3+6%)°

v2 167 16 v? 87 32

(4.16)

Here,
4gm3

2
my,

B=4/1-

This is consistent with the calculation of the decay width h — c¢, except
that we need to assign a negative norm to the scalar polarization state —e? =
—& which you find if you go carefully through the canonical quantization.
Without loss of generality, we can always choose the reference frame such

that

P = (ma,0,0,0), (4.17)
¢ = SH1,0,0,8), (4.18)
ei(q) = %(1,070,@. (4.19)
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Then the decay amplitude is (note the definition of ¢/ is the opposite from
that in the loop diagram above)

mj 2
_ 4—(3+ﬁ ). (4.20)

Adopting the rule with the negative norm, we find

1 B [dQ m}
I'(h — xAs) = T EF:Q(?HLW)Q
. s m;lz 2
T 16mmy 16v2( + 0%
1
= —QmY . 4.21
S () (4.21)

4.4 Scalar Gauge Bosons

The two-point function for the Higgs boson due to the loop of the gauge
boson of mass ém? is

iXaa(p?)
1 (szA> —i Tt —i (p+9)"p+q)”
2 ) ¢* —&m% mh (p+q)* —Em3 m
2 [ d%¢ (p- q+<1) 1

vt ) @mP gt —&miy (p+q)? —&mi
2 dPq /1 . (p-(q—2p) + (¢ — 2p)?)?
v ) (2m)P (¢ + 2(1 — z)p? — EmA]?
_ 3 qu 1 (q2+(1_22)p'Q—2(1—z)p2)2

We use the formula proven in the appendix,

[mQ]D/2+k—n ]

/ d’q  (@F )G+ R(—8 —k+n)
(2m)P [ —m? —ie]"  (4m)PP2 L(5)L(n)
(4.23)
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We can perform d”q integral and find

iXaa(p?)

_ 2 [dP [ z(q2)2—22(1—2)q2p2+(1—22)2(19-61)2+22(1—2)2(192)2

N UQ/(27T)D/O d [ + 2(1 — 2)p* — Em3 ]

B L L T 1 S g

- U2(47-[-)2—6/0 d [ T2 — or(2) [—2(1 = 2)p” + Emy)
+ (22(1 —z)— (14 22? ) PQF(BF(Q 11“6();1;; d [—2(1 = 2)p® + Em3)
#2120 g AL~ P i

BT (P ORI R

- 02(47-[-)26/0 d [ T2 - or(2) [—2(1 — 2)p” + Emy)
+ (22(1—2) (14_ 2222 )pzr(?;(z zr;) }J)FG) [—2(1 = 2)p* + Em3]

o)

+22(1 - Z)2<p2)2r(2>

| o1+ g =i

(4.24)

The imaginary comes from the branch cut in the last factor,

—2(1 -

2)mj, + Em?]

%mZAA(mi)
_ z 1 ' . FA)T(=2+¢) — (1 — 2)m?2 m2 12
- v2<47r>2/0 d{ r@r) T e ema)
(1-222\ ,T3)IT(=1+¢)
+(2z(1—z)— 1 )mh TR Q)
2 2F(5) 2 2
#2121 = 2+ )

—2(1 = 2)my, + Emiy]*

(1—22)?
-

)2%} (em)0(—=(1 — 2)m? + €m?)

B3 (-

my,

(1= 2)%

(1+8)/2

+z

2 1

21 1+5
v2 167

2

z— —

(1-5)/2 2
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—2 (22(1 —2) — %) m; (z— #) (z— #)

+22(1 — 2)*(m3)?]
my B+28+ 58 mi B (145
mv? 16 v2 & 16

_, 4gmd
f=yt- St

This is consistent with the calculation of the decay width h — A A,,

except that we need to assign a negative norm to the scalar polarization

state —e2 = —¢ which you find if you go carefully through the canonical

S
quantization in the Appendix. Without loss of generality, we can always

choose the reference frame such that

(4.25)

Here,

' = (my,0,0,0), (4.26)

¢ = F1.0.0.5). (4.27)
@) = 5.(1,0,0,0), (4.28)
(p_Q)# = %(170707_ﬁ)7 (429>
e(p—q) = %(170,0,—@. (4.30)

Then the decay amplitude is (note the definition of ¢* is the opposite from
that in the loop diagram above)

iM =

2im? 2im% m? o dmi )
(q) - eu(p— q) = (1 — " (q . (431
L6l elp—a) = — 4m,24( +57) =5 r1+ 67 (4.31)

Adopting the rule with the negative norm for each scalar polarization, we
find a positive contribution to the decay width

1 g1

B m% 212
= —2(1
167mmy, 8112( +5)
1
= —SQmXaa(m;). (4.32)
mp

A2 my

47 42

(1+3%)?
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Note the factor of 1/2! in the phase space integral because of two identical
bosons in the final state.

4.5 The sum
We simply sum up contributions in Eq. 4.25)) and find

gmgxx—l—cé—i—xA—&-AA
_omi B 1 (=@ B+ 0+6)
v2 &1 |4 32 32 16
_omy 88— (12824 3% — (9+66% + 8%) + (2+45° +25%)
v 87 32
= 0. (4.33)

Indeed the contribution of unphysical states of mass ém? all cancel out within
the quartet of scalar polarization, Nambu—Goldstone boson, ghost, and anti-
ghost, as required by the gauge invariance of the theory.

4.6 One physical, one unphysical

Having established the rules to compute the decay rates directly without
relying on the one-loop diagrams, let us also verify the absence of h — A, x
and h — A, A, decays. It is easy to verify that the transverse polarizations do
not contribute at all to either of them. Therefore we focus on the longitudinal
gauge bosons h — Apx and ApA,. We need to be aware that Ay has mass
m4 while y and A, mass v/Em4. Without loss of generality, we can always
choose the reference frame such thatfff]

P = (m,0,0,0), (4.34)
2 2
po_ Mh SMa a3 4
(g) = —(1+ Sma _ mi 0,0,5) (4.36)
S QmA m}gl m}%? ) Y Y
2 2
—g)* = @1_€mA %00_7 4.37

tTSee general discussions of phase space in [Note on Phase Space for 233B
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2 2
dp—q) = 5——(3,0,0,— gmA Y (4.38)

n
QmA m% m?
_ 2 m2 +m2 m2 _m2 2
h h
Then the decay amplitude h — Apx is
, m
iM = —A(2p —q)-eL(p—q)
ma mp, Em? mA &m%  m?
— Malhg_ 10,0,F) - 2 (5,0,0,—1 + £ _ M)
v 2 % i h mj,
2
_ %25 (4.40)

Therefore the partial width is

L B [dQ my - 1 3B mi
'(h Ar) = —_hypr— I h 4.41
(h = xAr) omy, 87 | 4w 1602 g 2y, 87 40> (4:41)

On the other hand, the decay amplitude h — Ap A, is

2im?2 2 2 2
M= B g S ) (30,0, 14 M
v 2mgy my mh my my
im?
— 2Uh25 (4.42)

Adopting the rule with the negative norm for each scalar polarization, we
find a positive contribution to the decay width

1 3 dQ m¢ 1 ﬁ3 m}
D(h— ApLA,) = ——— 2= | =45 = — —h (4.4
(h = ALAy) 2my, 87 J 4w 1602 g 2my, 8T 42 (4.43)
It is plain that

Therefore, unphysical states do not contribute to the physical observables
such as the Higgs boson decay width.
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4.7 Both physical

Having shown that all unphysical pieces are indeed not there, we’d like to
compute the physical contribution to the Higgs width, too. Here we compute
it both ways, one from one-loop diagrams, and the other from tree-level decay
amplitudes.

The two-point function for the Higgs boson due to the loop of the gauge
boson of mass m? is

( ¢ (P+Q)2+[Q'(p+CI)]2>

/ Dm? — q+(p+Q)) Atla- (p+ @)

[¢? + 22p - g + zp* — m?)?
2
= — /dz
v? (27r) 0

Dmy — (q — zp)*m? — (¢4 (1 — 2)p)*m% + [(q — zp) - (¢ + (1 — 2)p)]?
(2 + 2(1 — 2)p? — m3)?

2 dPq (! 1

R (%ﬂlﬁdﬁf+ZO—@ﬁ—W&P
UMu—2qmi—k”+u—zmﬁmz+@%2
+(1=22(q-p)* = 2:(1 = 2)a"p” + 2°(1 = 2)°(0")"] (4.45)

Because of the Lorentz invariance, (¢ - p)? in the denominator is equivalent
to ¢*p?/D. Therefore,

ZEAA(T)’L,QZ)
2/ dPq /ld 1
= — | = z
v ) @n)P Jy @+ 21— 2)mi - mA P
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[Dmi 2P — [ + (1 — 2)7Jmimd + (¢)°

1—22)2-2Dz(1 —
+< z) 2( Z)q2mi+22(1 _ Z)Qmﬂ

D
2 (! i 1 2, 2 e
- ﬁ/o T =gy AL At ma — i

[(ij — [+ (1 = 2)"lmpm’ + 2°(1 — 2)°m;,) D(2 — €)T'(e)

— (—Qm?4 + (1-22)° —D2Dz(1 — Z)mi> ['B—el(-1+¢)

[—2(1 — 2)m} +m%] + T4 — OT (=2 + €)[—2(1 — 2)m; +m3]?

(4.46)
The imaginary part comes from the branch cut in the —e power,
%mEAA(m?L)
2 (! 1 1
= = [ d 0(z(1 — z)mi — m?
V2 /O “amr T = o) o = m = my)

{(ij — [+ (1 = 2))Jmpm® + 2°(1 — 2)*m;,) D(2 — )T (e)

_ (_le24 N (1—22)? —2D2(1 — 2)

5 mi) [(3—e)l(—1+¢)

[—2(1 = 2)p* + mA] + T4 — T(=2 + €)[=2(1 — 2)p” + m}]*

2 /‘(Hﬁ)/?d 1
= — Z2——=T
v Jaogp  (4m)?

{(4mi — [22 4 (1 = 2)?*Jmim? + 2*(1 — z)2mfl)

(1—2z) ; 82(1 — Z>mi> 2[—2(1 — z)mi + mi]

+ (—2m?4 +

+3[—2(1 — 2)m2 + miﬂ

w)

4
my

_ 3 1
B {166 86+

B(3 — 23 +35Y). (4.47)

82 16| 128702
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This is consistent with the calculation of the decay width h — AA. With-
out loss of generality, we can always choose the reference frame such that

pﬂ = (ﬂ1h707070)7 (4'48>
¢ = SH1,0,0.8), (4.49)
(-q) = F1.0,0,-9), (4.50)
B = 1—4;?%:2“. (4.51)

Then the decay amplitude is (note the definition of ¢* is the opposite from
that in the loop diagram above)

2
2im?y

iM=""c (¢)-c,(p—q). (4.52)

We use the relation

o\ w4
Z en(@)ey (q) = =g + 2 (4.53)
Then we find

2 2
EE:|JN4|2 _ ( M
v

h1ih2

= —h(3-252+3p3Y). (4.54)
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We find the contribution to the decay width

1 31 [dOm;
FW*Amzzzggg/@Jﬁ@_w”3w)
= i (3 9% 4 3
167my, 8v?

= —%TTLEAAOTLZ)

mp

(4.55)

Note the factor of 1/2! in the phase space integral because of two identical

bosons in the final state.

Another way to compute the width is to compute the helicity ampli-
tudes explicitly. For the kinematics above, the polarization vectors from

Eqgs. are
ei(q)
€0 ()
éi(p—q)

eh(p—q)

1

V2

mp

- (5,0,0,1),

ZmA

V2

mp

= (8,0,0,—-1).

ZmA

Therefore the only non-vanishing amplitudes are

My =
M,, prn

MOO =

2m?

—1
A (1),
2m?

—1
A1),
Qm?4 m% 9

1).

v 4m?4(ﬁ + )

_(07 :F17 _ia 0)7

1
_(07 :F17 +7'7 0)7

(4.56)

(4.57)

Because this is a decay of a scalar particle, it makes sense that the helicities
are the same for both the final-state photons to make sure there is no angular

momentum. The helicity-summed squared amplitude is

>2<L+1+L£%uﬁ+1ﬂj

hi,h2

22
Z|M|2: <mA
v
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4 4
4m’y my,

= 2 (2 + m(@ + 1)2)
- (32m} +my (6% +1)%)

el
m;t 22 2 2
= T (- P+ (1Y)
mi 2 4
= @(3—25 +36Y), (4.58)

verifying the previous result. This way, we can see explicitly that the longi-
tudinal photons dominate when mj, > m4.

Finally, we can test the equivalence theorem using this example. When
myp, > my, the longitudinal polarization dominates and hence the decay
width should become asymptotically the same as the width I'(h — xx).
Recalling the result from Eq. ,

6 mi
I'(h = — 4.
it is indeed the same as the asymptotic limit
1 m 1 mé
limI'(h — AA) = —h (32 = —h (4.
BI—% (h— ) 167my, 8v? ( +3) 167my, 202 (4.60)

verifying the equivalence theorem.

A Useful formula in dimensional regulariza-
tion

It is useful to work out the general formula using the Wick rotation

/ d"q (¢*)"
rP [ —m — il
Z/ d”qp (=1)"**(gp)*
2m)P [gf +m?]"
_ Z’/OO qp_*dgp 772 (—=1)"**(qf)"
o (@2mP T(3) lag +m?"
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A
0

I'(5)(2m)P gz +m?]"
A=Y bk [T B0
= T @amer [ ey
— I(D)[AmPrr ['(n)
(=) D(B - R)D(=F —k+1) o peikn
(i) O [m2| P/ (A1)

It is easy to see that it reproduces the familiar result when k£ = 0,

/ (qu 1 i(—1)" (=2 +n) 2P (4.2)

2m)D [q2 —m? —ig]®  (4m)P/2 T(n)

In addition, we can verify the recursion relation

/(qu (@) —m?*(¢)*" / (qu (@)
27 2

¢ —m? — ig|" 2m)P [¢? — m? — ig|n !

(47T)D/2
T2+ k(-2 —k+n) . I +k—1)0(-2-k+n+1)
[(5)T(n) [(3)T(n)
o a(=1)ntR [m2)P/ 2k
(4m)D/2

i(—1)mth [mg]D/m—nF(% +k—-1I(-2 —k+n)

()PP (&) 1)

(A.3)

B Canonical Quantization

Because of the ghosts and negative-norm states, the canonical quantization
of the gauge field is tricky, but nonetheless straightforward.

Yet, it is cumbersome to start from the canonical commutation relation
to derive the mode expansion. Here we take a short cut in a heuristic way,
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working it out backwards. We focus on the quadratic part of the Lagrangian,
and solve the equation of motion exactly to identify the modes. We then guess
the commutation relations among mode operators (creation and annihilation
operators) and verify the canonical commutation relation. This method may
fail depending on the nature of interaction terms if they modify the canonical
commutation relations. Fortunately we don’t encounter this problem here.

B.1 Gauge Field

The quadratic part of the Lagrangian for the guage field together with the
gauge-fixing term is

1 1 1
£0 = _ZF,LWF#V — 2—5(@“4“)2 + 5777/?414#14#
1 1 1
= —58MAV(8"A” — O"A*) — E(@A”)Q + §m?4AMA”. (B.1)
The equation of motion is
1
0, F" + anauA“ +m34AY = 0. (B.2)

Taking the divergence 9, of the both sides, we find
1
3

Therefore, A behaves as a free Klein-Gordon field of mass-squared &m?.
We can write without a loss of generality

-0, A" + m%0,A” = 0. (B.3)

AF(a) = Al (2) + Al(2), (B.4)

where 0,A" (z) = 0 thanks to the fact that the equation is linear in the field.
The general solution for A, is

d3p —1iPs-T 1Ps T
Al (x) :/W€§(ps)(as(ps)€ Pt al(ps)e™ ™), (B.5)
where

)
p=tmh, Bo=yJPiemd. dp)=. @=+16 (B6)
A
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On the other hand, A, satisfies the equation of motion,
O F +mi A = 0AY +m3 AT = 0. (B.7)

Therefore A satisfies the free Klein-Gordon equation of mass-squared m?
subject to the constraint 0, A = 0. The general solution is then

d3p = —ip-x * ip-T
Al :/W Z (e (p)ane” P + € (p)a;rlep ). (B.8)
h=—1

It is convenient to choose the polarization vectors for helicity eigenstates for
the four-momentum

p"' = E(1,5sinf cos ¢, B sin O sin ¢, 5 cos b) (B.9)
as
p 1 B p
Ch=t1 = E(:Fel — i€}) (B.10)
E
o = E(ﬁ’ sin 6 cos ¢, sin @ sin ¢, cos §), (B.11)
where
el = (0,cos6 cos ¢, cosfsin ¢, —sinb), (B.12)
ey = (0,—sin¢,cosd,0). (B.13)

It is easy to verify

p-en(p) =0, en(p) - e (p) = —Onn- (B.14)

Now we guess the following commutation relations. We assume

[an(p), afy(q)] = (2m)*2E* (5=, las(ps), al(as)] = —(2m)*2E,6° (5—q).
(B.15)
while all other commutators vanish.
To obtain the canonical commutation relations, we first need to identify
the canonical momenta conjugate to the field A*. For the spatial components,
it is simply,

oL, L .
= =A+V,A"=—F". B.16
DA ( )

i
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Note that only A, contributes to E*,

Z Eé' (p)ane™ P + myp'ap—oe”P* —cc.|,
h=+
(B.17)

. . &p
U
4 ! / (27)32E

where p' = p'/|pl.
On the other hand, the canonically conjugate momentum to A" comes

only from the gauge-fixing term,

oL 1 1, . .
0 0 0
m=—=—(0,A") = —=(A"+ V- A). B.18
=0 = ¢ ) (B.13)
Note that only A, contributes to 7,
™ =imy / ﬂ(as(ps)e_ips‘z — al(ps)e™). (B.19)
(2m)32F B
We also write out explicitly
d3p 4 .
0 __ —ips T —ip-x
A = /W—2W(as(ps)e P + ﬁah:()(p)e P + C.C.)7 (B20>
and
‘ d*p . . Ma o= .
Al = / (2m)32m 4 lﬁspzas (po)e™ "+ F hz_l e (p)ane” P + c.c.
(B.21)

Now we verify the canonical commutation relations.

0/= 07— i d3p d3q
[A™(Z,0),7(¥,0)] _/<27T)32mA/(27T)32E5(Q)
[(CLS (ps)eiﬁs'f + al(ps)e_ﬁs'f)v irrnfl(Cls((zs)ei‘Y9 v_ al(qs)e—iig'ﬁ)]

d®p d3q , 53 P
(2m)32my J (27)32E (q)zmAQES(ZW) 0" (F = q)(e + c.c.)
(B.22)

= 67— 7).

Next,
iz J(i7 = d3p d3q
@0 ) = [ G [
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{(% g ei (p)as + ﬁiah> e’ 4 cc,
i (Z Eef(q)ax + mAd"aLo) e — c.c}
h==t

. d*p d3q . . o
— ') eniema ) eopE™ > eip)er(a) + 1
T—qy

+
(ei(ﬁf—@y) + e—i(ﬁ’ q ))(27T)32E(53(ﬁ— q—)
= i6°(7 — 7)o" (B.23)

We also need to verify the vanishing ones.

0(= P70V = —i @p &1
[AN(Z,0), 7'(4,0)] = _Z/ (27)32my / (2m)32E

[Ban=o(p)e* + c.c., mag'an—oe'™’ — c.c.]
— i [ gt [ (T ¢ ) om) 288
(2m)32my4 J (27)32F
_ Z/ d3p 6131(61';3‘-(57??) +cc)=0. (B.24)
(2m)?

The last equality is due to the inversion invariance of the measure p'— —p.
Finally, we check

. d3p d3q
AYZ 0(g —
[ (1’, O>7 m (yv O)] lmA/ (27T)32mA / (27T)32E8
[ﬁsﬁias (ps)ePT 4 c.c., ay(qs)e T — c.c.]

—

Wm/ o / LI B (P54 c.c)(2m)2E5 5~ )
(2m)32my ) (2m)32E,"" o °
d3p

Again in the last equality, the inversion invariance of the measure has been
invoked.

Having verified the commutation relations, we study the Fock space. For
the h = +1, 0 gauge bosons, the commutation relations in Eq. are the
usual ones, and hence the usual Fock space. On the other hand, for the scalar
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gauge boson, we have the wrong sign commutation relation in Eq. (B.15)).
Therefore, the single-particle states are

Aup) = al(p.)]o), (B.26)
(AL plALG) = —(2n)2E.8 (5~ 9. (B.27)

Namely that these are states with negative norms. A state with odd num-
bers of A, would contribute negatively to the probability. Obviously such a
contribution should be canceled by other unphysical degrees of freedom.

The main result of this discussion here is that for scalar polarization we
assign the polarization vector

o
p_ Ps
P =

= (B.28)

€

even though it is not normalized to unity €2 = +¢. In addition, we are
supposed to make the probabilities negative if the state contains an odd
number of scalar polarizations. This justifies the empirical treatment in

Sections [4.4] and [4.6]

B.2 Faddeev—Popov ghosts
The terms of the Lagrangian quadratic in the ghost fields are

Ly = 0,¢0"c — Em?éc. (B.29)
Obviously both the ghost and anti-ghost satisfy the Klein—Gordon equation,
(O+&m?%)e= O+ Em?)e=0. (B.30)

Recalling that c is hermitian and ¢ anti-hermitian, the general solutions are

@) = [ G+ al (e, (B.31)
@) = [ G —a wer) (B.32)

What is tricky is the canonical anti-commutation relations. First of all,
when we identify the conjugate momenta for Grassmann-odd fields, let us
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take the convention that we differentiate the Lagrangian density by the time
derivative of the field from the right. Namely,

oLy .

=—=_¢C B.33

T € (B:33)

Using the same convention, the canonical momentum conjugate to ¢ is

0Ly .
m= =¢ (B.34)
because ¢¢ = —c¢c. The canonical anti-commutation relations are then
{C<fv 0)7 E(gu O)} - {é(f’ 0)7 —C'(y_: 0)} =i (ZE y)? (B35>
{C(fv 0)7 C(ga O>} = {E<f? 0)7 —5(177 0)} = 07 <B36>
{c(2,0),c(,0)} = {e(@,0),e(¥, 0)} = {c(7,0),c(y,0)} = 0, (B.37)
{¢(Z,0),¢(7,0)} = {c(Z,0),¢(7,0)} = {¢(£,0),¢(¢,0)} = 0. (B.38)
The first anti-commutation relation is
{c(7,0),¢(7.0)}
B d3p d3q
B / (2m)32E, (2m)32E,
{(@(p)e™* + ol (p)e~P%), ~iB,(a()e'™ +al (g)e7%)}
= 6 (Z — 7). (B.39)
The second one is
{e(2,0),¢(7,0)}
_ d*p d3q
B / (2m)32E, (27)32E,
{(—iE,)(a(p)e™" — a(p)e™"7), (a(q)e'"™ — a'(q)e ")}
= —id*(Z — 7). (B.40)
To satisty them, we find
{a(p),a'(q)} = {a'(p),alq)} = —(27)*2E8° (7 — q). (B.41)
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Complementing them with

a(p),a'(q)} = {a'(p),alq)} = {a(p), alq)} = {a'(p),a'(¢)}
= {a(p),a(q)} = {a'(p),a'(¢)} = {alp),alq)} = {a'(p),a'(¢)} = O,
(B.42)

—

we find the rest of the canonical anti-commutation relations satisfied.
The above anti-commutation relations are very bizarre. Let us create a
ghost

e.7) = al(p)]0). (B.43)
It has a vanishing norm,
(e, ple, @) = (0la(p)a’(q)|0) = (0[{a(p),a' (¢)}]0) = 0. (B.44)
The same is true with the anti-ghost state
&5 =a'(p)[0). (B.45)

They, however, have a non-vanishing inner product

(e, ple, @) = (0la(p)a’(q)|0) = (0[{a(p), a'(¢)}[0) = —(27)°2E6* (5~ q).
(B.46)

We can diagonalize this off-diagonal metric and find that the states of the
form |c 4 ¢) have negative norm while the orthogonal combinations |¢ — ¢)
positive norm.

An interesting consequence of this normalization is what was studied in
Section [4.2] the Higgs boson decaying into c¢ state. The final state is given
by

e, 7, @) = a' (p)a'(¢)|0). (B.47)
Its norm is
(e.0¢.qe,pie,q) = (0la(q)a(p')a' (p)a'(q)]0)
= —(0la(¢")a'(p)a(p")a'(q)[0)
= —(0{a(q"),a' (p)Ha(p'),a'(¢)}|0)
(

{
2m)*2E0%(p — ') (2m)°2E5°(p — q)- (B.48)

Therefore, this state has a negative norm and hence we assign negative prob-
abilty, as it was done in Section [4.2]
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